C 62 ] 

XL A Letter from the Rev. Patrick Mur- 
docke, F. R. S. concerning the mean Motion 
of the Moon’* Apogee, to the Rev. Dr. 
Robert Smith, Mafter of Trinity College 
Cambridge. 

Reverend Sir, 

Head Jan. 31. T AST fummer, when I was to pay 
I?s °’ I j my refpedts to you at Trinity Col¬ 
lege, I gave you fome account of the warm difpute, 
then lately arifen between Mr. de Buffon and Mr. 
Clairaut, two eminent academicians at Paris; the 
latter pretending, that the Newtonian law of attrac¬ 
tion is inconMent with the motion of the moon’s 
apogee; and that its quantity ought not to be ex* 

prefled by ~ of die diftance, but by two, or perhaps 

more, terms of a feries, as -5 -1 — r. Which new doc- 

trine Mr. Clairaut had got inferted in the memoirs 
of the academy, and Mr. de Buffon had followed him 
clofe with another memoir, confuting it. 

When I firft heard of this controverfy, it was im- 
poffible to judge of the validity of Mr. Clairaut’s rea* 
Ions, becaufe he kept his calculus a profound fecret. 
But an abfurd confequence of his new law of attrac¬ 
tion occurr’d to me, as foon as Mir. de Buffon men¬ 
tion’d the thing, that, u - if we fhould put the at- 
** traftion, express'd by his two terms, of an affumed 
“ quantity (?, and refolve the equation, there would 
4 “ neceffarily 
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c< neceffarily arife two different values of the diftance 
** x, for the fame attractive force.” 

SufpeCting therefore, that .fome error muff have 
ilipt into Mr. Clairaut’s reafonings (as he himfelf 
afterwards found there had)* I refolved to try, whe¬ 
ther, by an arithmetical calculation, from Sir Ifaac 
Newton’s propofitions only, the motion in queftion 
might not be accounted for. 

The refult of this inquiry I fhould have taken the 
liberty to fend you before now, but that, other things 
intervening, I did not think of reviling and tran¬ 
scribing it, till lately; that Mr. Walmelley having 
made me a prefent of his ingenious treadle on the 
fame fubjeCt, it appears, that, however Mr. Clairaut’s 
hypothecs is given up, yet a notion ftill prevails, as if 
Sir Ifaac Newton’s propofitions, concerning the mo- 
don of apjids, were mere mathematical fictions, not 
applicable to nature. 

How far I have Succeeded in lhewing the contrary, 
is now. Submitted to your judgment. And I, at the 
fame time, embrace, with pleafure, an opportunity 
of profefling myfelf, with the higheft relpedt. 

Reverend Sir, 

Sradilhall, 6 April, 

*25°* Your moft obliged, and 

moft obedient humble Servant, 


Pat. Murdocke. 


Of 
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Of the mean motion of the moon’s apogee, accord¬ 
ing to Sir Ifaac Newton. 


The rule given by Sir Tfaac Newton, in the 9 fedtion 
of his firft book, is to this purpofe: Tab. Fig. 3. 

I. That, fuppofing the common law of attraction, 
andthat a central body T attracts the body P, revolving 
round it in an orbit nearly circular, with a force as 
unity; if to this be added a conftant force, whofe 
ratio to the former is expreffed by c j then the angu¬ 
lar velocity of the body P, in an immoveable plane, 
will be to its angular velocity, reckoned from the 
apfis of its orbit, in the fubduplicate ratio of i-fc to 


i-f-4<r, or as y iil£_ to unity. And therefore, if A 
reprefents any arc deferibed by the revolving body in 
an immoveable plane, A x f/ will be the 

I*rf 


cor- 


refpondlng arc in its orbit, re ckon’d fro m the apjis. 
And their difference A x f /- —1, will be the 

I -\-£ 


grefs of the apfis. 

But if the force of the central body T is diminished 
by fome conftant force as c, then the fign of c is 
-changed in thefe ex preflions; and the diredt motion 

of the apfisviiW be Ax 1— f/ 0 

2. And hence, if fome foreign variable force, added 
to, or fubtradted from, the central force of attraction, 
produces a given motion of the apfis , retrograde or 
diredt; it is eafy to find a conftant force as c, which 
Should produce the fame motion. 


3. Let 



3- Let S reprefent the fun, at an immenfe diftance, 
T the earth (fuppofed, for the prefent, at reft) Pthc 
•moon’s place in her orbit ADBC, in which C, D, 
are the quadratures, A, B, the fyzygies: then if PK, 
parallel to AB , and cutting TC in K, be produced 
till KL is double of PK-, and LM parallel to PT 
meet AB produced in M ; LM and MT will repre- 
fent the difturbing forces of the fun, by which the 
moon is urged in the directions PT, MT. See Prin¬ 
cipe lib. i. prop. 66. and lib. iii. prop. 25, 26. 

And if TR is made perpendicular to LM, the 
force MT fhall be refolved into two forces as RT 
and MR whereof the latter, MR, taken from LM, 
reduces the difturbing force, in the direction PT, 
to their difference LR. 

4. Put now PT {—LM)— \ } PK, the fine of the 
arc PC—s : and then TM (=PL==3 s): MR:: 1 : s- 
that is MR=3s*, an! LR, the difturbing force in 
the direction PT. ’ is as 1—3A 

When Cp, the moon’s diftance from the quadra¬ 
ture, is an arc of 3 f 0 15' 52’', in which cafe 1— 
33 l =o, l and r coincide j and the difturbing force 
vanifhing, the line of the apjids becomes ftationary. 

But if the moon’s diftance from her quadrature is 
ftill greater, as at r, then ^ exceeds juA ; and their 
difference A^ is a force reprelented by — I—”3?, act¬ 
ing in the direction T7r. This force, at the fyzygies, 
is double of TC. 

5. Whence, and from § 1, it follows j that c be¬ 
ing the fun’s difturbing force, in the direction CT, at 
the quadrature; at any other point, as P, it will 
be + c x x —3 And that writing for c the variable 
quantity c x 1—3;% and A for the fluxion of the 

I arc 
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arc CP, the fluent at A*/'. Si3E will rive 

I +fX I—31* 0 

the motions of the apjis. 

6. The quantity c being —j \ °°f of the earth's 
mean attractive force at the moon by computing, as 
above, it will be found, that while the moon moves 
from C to p, through an arc of 35 0 15' 52'', the to¬ 
tal regrefs of the apjis is to the arc Cp as .005404 
(==«) to unity: and that the fum of its diredt mo¬ 
tions, while the moon moves from p to A, is to the 
arc pA as .0105707 ( —N ) to unity. 

It will be found likewife, by the inverfe operation 
hinted in § 2, that putting k — .00362552, and K = 
.0069611; -\-k and — K are forces, which aCting con- 
ftantly, the one from C to p, the other from p to A, 
would produce the fame motions of the apjis. 

7. The quantities k and K might have been found, 
pretty neat the truth, only by fumming the ordinates 
1 LR, or 1—3i% upon the arc A: in which cafe we 
fhould have had k=c x .648869 = .00370925, and 
K=6X 1.24018 ==.006939 : and the motions thence 
computed would not have been much different from 
their juft quantity. This however is mentioned, not 
as if the method itfelf were fufficiently exaCt; but to 
fhew, that if, hereafter, in cafes, where the limits of 
the forces are incomparably narrower* we fhall, in- 
ftead of fumming the momenta , make ufe of a mean 
force determined in a like manner, there is no fenfible 
error to be apprehended.. 

8. Hitherto we have confidered the body T, round 
which P revolves, as quiefcent; and it is thus authors 
have always confidered it; altho’ the cafe in nature, 

to 



to which they meant to apply Sir Ifaac Newton’s rule, 
is widely different. The earth and moon revolve 
about their common centre of gravity: their diftances 
from which being inverfely as their mafles, and the 
forces, by which either is attracted by the other, a» 
alfo the forces of the fun to difturb their motions* 
being in the fame ratio j it follows, that the earth in 
her motion round the common centre of gravity will 
fuffer difturbances every way fimilar to thofe of the 
moon. And the whole motion of the apfis of the 
moon’s orbit, reful ting from the two difturbing forces* 
will be near the double of what either of them could 
produce feparately, round a fix’d centre *. 

S>. To 


• ** Quatenus terra et tuna circum commune gravitatis centrum 
c€ revolvuntur , perturbabitur elia?n motus terra circa centrum Mud 
a viribus conftmilibus ; fed futnmas tarn viriufn quam motuum re* 
4 * ferre licet ad lunam?' Princip. p. 429. 

And p. 141. Apfis lunce ejl duplo veloctor circiter : but this has 
been ftrangely miftaken, as if the author having revifed and printed 
his 9th fe£tion a third time, and above forty years after ft was in* 
vented, fhould, after all, own, that it fignffied nothing to his pur- 
pofe* Would this be the nil molitur inepte^ fo suftly applied tip 
Newton? 

See likewife, p. 423 ; where having deduced the motion of the 
apfids of Jupiter's fatellites from that of our moon's, he adds, 
44 Dimnui tamm debet motus augis fic inventus in rations 5 ad 9, 
44 vel 1 ad 2, circiter , tub ' caufam , quam hie exponere non vac at ” 
The reafon is not, that the orbits of Jupiter’s moons are lefs ex- 
centric than that of ours, as fome have imagined $ for, 44 augendo 
44 vel diminuendo excentricitatem et inclinationem or bis ^ nonmutatur 
* 4 motus augis fenfibiltUr, nift ubi eaiemfunt nimis magnaj’ p. i8p» 
Is it not rather, becaufe the action of the feveral fatellites upon their 
primary and upon one another, in all the poffible variety of direct 
tions, reduces the cafe of any particular fateHite to that of a Angle 
body revolving round a fix’d centre, viz . that of Jupiter’s fyftemr 
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9- To determine which, we may conceive the earth 
as revolving in an orbit that is already in motion from 
the fun’s difturbing force upon the moon: the retro¬ 
grade motion of the orbit, while the earth moves 
from C to p, being n*Cp', and the direct motion, 
for the reft of the quadrant, being N%p A ; whence 
it will follow, that the difturbing force =£ affeCts 
the earth’s motion thro’ an arc of her orbit equal to 
Cp x ; and the force — K aCts thro’ the arc 
pAy. TipIV.“ And the motions of the apfis being in 
the fame ratio's, if r is the regrefs of the apfis of the 
moon’s orbit (determined as in § 6) and p its pro- 
grefs j the regrefs of the apfis of the earth's orbit will 
be r x i -f- «> an d its direCt motion, p x r — N. That 
is, the whole motions of the apfis, refulting from the 
fun's action upon the earth and moon together, will 
be (R—) rx 2 + », and ( P—) p x T — JV; and the 
motions to be afcribed to either arc, r x and 

p x i=pr. 

Now p, found as above, being 2082".9. and N— 
.0105707, P is 4i43".8. And the fame way, i?= 
1 375"-7 : w hofe difference P — R multiplied by 4, 
that is, 4X 2768 7 =i io72 ,/ =3* > 4' 32", is the direct 
motion of the apfis in a revolution. 

Firft correction for the moon’s variation. Fig. 4. 

10. In the foregoing calculation, it is fuppofed, that 
the moon’s orbit is nearly circular, more nearly in¬ 
deed than it poffibly can be, even abftraCting from 
its excentricity. For altho’ the moon had been pro¬ 
jected with a direction and force to make her de- 

fcribc 



[ 69 ] 

fcribe a circle round the earth, as EOL , the adtion 
of the fun would have changed this orbit into an 
oval, as OADBC ; whole greateft diameter, palling 
thro’ the quadratures CD, is to theleaft as 70-7 to 
69—. The reafon and determination of which we 
have in Princip. lib. iii. prop. 26, 28. 

11. That this adtion of the fun, and the figure re- 
fulting from it, mult leffen the mean motion of the 
apogee, is eafily Ihewn. 

For let P be the moon’s place in her orbit, when 
the apjis is ftationary, and EOL the circle of her 
mean motion, cutting the orbit very near the odtant 
O, and PE in 0: then, the accelerating forces of the 
earth at P and 0, being inverfely as the fquares of 
PE and oT, and the fun’s difturbing force at the 
points P, 0, being in the limple diredt ratio of the 
fame lines •, 0 T being given, the ratio of the fun’s 
difturbing force at the point P, to the earth’s accele¬ 
rating force at the fame point, that is, the quantity c 
in the theorem, will be as the cube of the diftance 
PT: and, a fortiori , in every point of the orbit, 
from the quadrature C to P, will exceed the mean 
force at O, and its effedt in producing a retrograde 
motion of the apjis will be greater. 

For the remaining part of the quadrant, where 
the motion of the apjis is diredt, the force c is indeed 
greater than its mean quantity from P to Oj but, 
thro’ the whole odtant OA, it is continuallv de- 
creafing as the cube of the diftance from T: whence, 
upon the whole, that force, and its effedt, from P 
to A, fall Ihort of their mean quantities at O, Seeing 
therefore the diredt motion is diminilhed, and the re¬ 
trograde increafedj their difference, that is, the di¬ 
redt 



[ 7 ° ] 

reft motion in the quadrant CPA will be di¬ 
minished. 

But this mean motion will be diminished Somewhat 
likewife from the inequable description of the areas 
(in prop. 16. lib. iii.); on which account, the cubes 
of the distance PT mull be every where increafed 
or diminished in the duplicate ratio of the moments 
of time in which a given little angle is deScribed, to 
the mean moment at the oftant *» 

12. By computing from thefe principles, it will 
be found} 

1. That the angle CTP, which was of 35® 1 f 
52" in the circle, will, in the oval orbit, be dimi¬ 
nished to 34° 43' 34' 1 . 

2. That the ratio of the mean of the cubes of the 
moon’s distances in the arc CP, to the cube of the 
mean distance, will be exprefs’d by 1.023916 (==§•) 

and 


* To exprefs the diftance PT by s the fine of the angle CTP, 
in an ellipfis not very eccentric : from any point P draw PK an 
Ordinate to the axis CD, and meeting the circumfcribed circle in 
M > draw likewife M /perpendicular to TP produced. Then put¬ 
ting TCz=zj y TA^-d) - ^ as t \ by conjoining the ratio's of TP 

d 

Tf 

to PK, PK to PM, PM to Pf, it will be : in which 

for the variable numerator Tf, we might, becaufe of the fmallneis 
of the angle PTM, write unity : but taking it rather of its mean 
quantity m (=.999987 in the moon’s orbit) the diftances, whole 

cubes are to be fummed, will be —~—* 

i-f -ts % 

And the ratio of the moments of time to the mean moment to 
that of 110*23, to 109.73+*% by prop , 26* Uh iii* 
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and the like ratio, in the are PA, by *9852467 

M). 

3. Multiplying therefore the forces k and — K, 
found in § 6, by g and by h, fubftituting the products 
for c, in the formula, with the arcs CN, and NG, 
refpedtively, and finifhing the operation as for the 
circle, the regrefs, in a periodical month, will be 
5548".3, and the progrefs 16489".8 : whofe dif¬ 
ference is the dried: mean motion fought, 3 0 ai M 
£. 

A 2 * 

13. But nearly the fame conclufion may be ob¬ 
tained, and with much lefs trouble, as follows; 

In the circle CGD-, take CM== 35 0 15' 52", and 
thro’ P, the point where MK perpendicular to TC, 
cuts the orbit, draw TPN meeting the circle in iVl 
Then, if R is the regrefs of the apfs in a circular 

orbit, R will be the regrefs in the oval CPA. 

CN |a 


In like manner, having infcribed in the orbit, the 
circle Amh, and made a fimi lar conflrudtion for the 

reft of the quadrant P x will be the diredt mo¬ 
tion in the oval, P being the diredfe motion in a 
circle. 


Thus, the angle of variation MIN being (in Dr. 
Halley’s tables) 3 3* 9", the fubduplicate ratio of CM 
to CN will be 1.007927, and that of Am to Ah, or 
of GM to GN, will be .99499. And therefore R (in 
§ 9) will be augmented to ifW.6, and P diminifh’d 
to 4123'': whofe difference, multiplied by 4, gives 
3* 2 1 if'?} exceeding the former only by about 4". 

14. The 
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14. The rule is founded in this, that if, from the 
centre T, a circular arc Fj be defcribed, including in 
the angle CPN the fedtor Fff, equal ter the elliptic 
fedtor CPP, the cube of TF, the radius of this cir¬ 
cle, may he taken for the mean of the cubes of the 
moon’s diftances in the arc CP. And becaule the 
area CPF is to the fedtor CMP, as PK to KM, or 
as PA to PC; and To ox TE is a geometrical mean 
between PA and PC, it will eafily appear, that 
TF 1 : Po 5 ;: CM± :CN{. And that P, found from 
the tables, being (nearly at lead:) the ftationary point 
in the oval, if the force k is increafed in the fefquipli- 
cate ratio of CM to CN, and the arc CN fubftituted 
for A in the formula, we (hall, by § i, find the retro¬ 
grade motion of the apjis. 

Now, when the conftant force -\-k is given, the 
regrefs R is as the arc A ; and when A is given, and 
k is but a little augmented, R is proportional to k; 
in general therefore, if k is but a little augmented, R 
is as k x A. Write i^for the regrefs in the oval, R 
ftanding for that in the circle, already found j and it 

will be R :: k x x CN : k x CM, or x 

yp i ri CtJS/ 

___i, according to the rule. The like reafoning for 
the diredt motion. 

Second corredtion for the Excentricity. Fig. 5. 

15. This equation is inconfiderable j becaufe, altho’ 
the ratio of the difturbing force, when the moon is 
at a greater than her mean diftance, is more increafed 
than it is diminifhed in the oppofite points of her 

orbit. 
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orbit; this increafe is very near compenfated by the 
comparative fmallnefs of the angular velocity. 

Let ADa reprefent the moon’s elliptic orbit, 
whofe centre is C, its axes Aa, Dd, the mean eccen¬ 
tricity CT, and the circle of her mean motion MDmd , 
cutting Aa in M and m. Then, becaufe it is a mean 
motion we feek, generated while the axis A a pafles 
thro’ all its different afpedts of the fun j we may con¬ 
ceive the diredt motion already found, of 3 0 2' 2 i"\, 
to be produced by a conftant disturbing force — K, adt- 
ing on the moon as fhe revolves in her circular orbit 
MDmd ; and we have only to enquire, how much this 
force, and its effedts, are to be increafed, the moon 
really moving about the fame centre ST, in the ellip¬ 
tic arc AD j and how much diminished in the arc 
T>a. 

16. For which purpofe, the conftant force k is to be 
increafed in the ratio of the mean of the cubes of 
the moon’s diftances, in the arc AD, to the cube of 
*TD or CA, and diminished as the mean of the cubes 
of the diftances in Da. Let the forces refulting be 
K x G and j f x H; and thefe being fubftituted in 
the formula , with the arcs 2 DM, 2 Dm, refpedtively, 
the fum of the motions found will be the whole 
mean motion of the apogee, including the corredtion 
for the excentricity. 

Now K will be found to be .00557337, and the ex¬ 
centricity TCbeing •055o5,and J^the quadrantal arc to 
radius 1 j the ratio G, or, which is the fame, the fefqui- 
plicate of the time, in which the elliptic arc AD is de- 
fcribed, to the time in the circular arc 'D M, that i s, 

will be 1.110942 } and H 

K =* 
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=.9001387: whence the whole motion, found as 
above directed, will be 10962" = 3° 2' 42" ; the 
correction, on account of the excentricity, being 
only 21". 

Multiply 3 0 2' 42" by 1.080853, and the pro¬ 
duct 3 0 17' 28" is the mean motion of the apogee, 
in a fynodical month; exceeding the quantity marked 
in the tables by no more than 4". 

17. Of the obliquity of the moon’s orbit, to the plane 
of the ecliptic, we take no notice: becaufe, altho’, 
abfolutely fpeaking, a force in that plane, referred to 
the moon’s orbit, would, thence, be diminifh’d by 
about y~ parts j yet, in the prefent cafe, the effeCt 
of the obliquity is included in the firft determination 
of the quantity c , from the periodical times of the 
earth and moon; all but what belongs to the cor¬ 
rections ; and which is only no / '.xoo2= o".22, to be 
fubtraCted. 

18. The force c is, itfelf, the effeCt of the fun’s 
parallax, and the total effeCt; excepting only a fmall 
difference between his aCtion on the moon, when fhe 
is waxing or waning, and when fhe is in the other 
half of her orbit; negleCted as altogether inconfider- 
able. 

Upon the whole, we may conclude, that, in this, 
as in the other phenomena of the celeftial motions, 
the principles and rules of Sir Ifaac Newton are fully 
confirmed and verified. 


XII. 







































